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Abstract
This paper addresses the question of genericity of existence of elliptic islands for the billiard map asso-
ciated to strictly convex closed curves. More precisely, we study 2-periodic orbits of billiards associated to
C
5 closed and strictly convex curves and show that the existence of elliptic islands is a dense property on
the subset of those billiards having an elliptic 2-periodic point.
Our main tools are normal perturbations, the Birkhoff Normal Form for elliptic fixed points and Moser’s
Twist Theorem.
1 Introduction
Let α be a plane, closed, regular, strictly convex, oriented counterclockwise. Any curve with these properties
may be parametrized by ϕ ∈ [0, 2π], the angle between the tangent vector and a given direction The billiard
problem on α consists in the free motion of a point particle in the plane region enclosed by α, being reflected
elastically at the impacts with the boundary. Since the particle moves with constant velocity inside the region,
the motion is completely determined by the point of reflection at α and the direction of movement immediately
after each reflection. So, the angle ϕ, which locates the point of reflection, and the angle θ between the direction
of motion and the normal to the boundary at the reflection point, may be used to describe the system.
The billiard model defines a map T from the annulus A = [0, 2π) × (−π/2, π/2) into itself. If α is Ck, T
is a Ck−1-diffeomorphism [7] preserving the measure dµ = R(ϕ) cos θ dθdϕ [1], where R(ϕ) is the radius of
curvature of α at ϕ. (A, µ, T ) defines a two dimensional discrete dynamical system, whose orbits are given by
{(ϕn, θn) = T n(ϕ0, θ0), n ∈ Z}.
A point (ϕ0, θ0) ∈ A is n-periodic if n is the smallest positive integer such that T n(ϕ0, θ0) = (ϕ0, θ0). It is
called elliptic if the eigenvalues of DT n(ϕ0,θ0) are complex, with non vanishing real part. An elliptic island is a
T n-invariant subset, homeomorphic to a disk, surrounding a n-periodic elliptic point.
We study 2-periodic orbits of billiards associated to C5 closed and strictly convex curves and show that the
existence of elliptic islands is a dense property on the subset of those billiards having an elliptic 2-periodic point.
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It is well known that for strictly convex curves, at least C6, the billiard map has invariant curves near the
boundary of the phase space [2], and then it is not ergodic. Here we study the dynamical properties of the
region of the phase space between these curves, when they exist, or the whole phase space, otherwise. The
existence of islands assures the non-ergodicity of this region.
The layout of the paper is as follows: we will deal with plane, closed, regular, strictly convex, oriented coun-
terclockwise curves. In sections 2 and 3 we analyze the geometrical and dynamical properties of the 2-periodic
orbits. In section 4, we define normal perturbations and prove that the existence of elliptic or hyperbolic 2-
periodic orbits is an open property. Sections 5 and 6 deal with the resonances and the existence of elliptic
islands. In sections 7 we present a more topological description of the results obtained in the previous sections.
We conclude this work with some comments and open questions. Our main tools are normal perturbations, the
Birkhoff Normal Form for elliptic fixed points and Moser’s Twist Theorem.
2 The Diameters of a Convex Curve
Let a curve α be parametrized by ϕ ∈ [0, 2π], the angle between the tangent vector and a given direction,
hereafter denoted by x. Let τ(ϕ) and η(ϕ) be the unitary tangent and (inward) normal vectors. Then α′(ϕ) =
R(ϕ)τ(ϕ). Clearly, τ(ϕ+ π) = −τ(ϕ) and η(ϕ+ π) = −η(ϕ).
It is known that any closed convex curve has at least a width and a diameter, characterized by the global
maximum and minimum of the distance between points with parallel tangents (or with double normal) (see, for
instance, [3]). We broaden this concept defining:
Definition 2.1 ϕ0 is a diameter of α if α(ϕ0)− α(ϕ0 + π) is parallel to η(ϕ0).
Proposition 2.2 Let l(ϕ) = |α(ϕ) − α(ϕ+ π)|. Then ϕ0 is a diameter of α if and only if dldϕ(ϕ0) = 0
Proof:
2l
dl
dϕ
= 2 〈α′(ϕ)− α′(ϕ+ π), α(ϕ) − α(ϕ + π)〉 =
= 2 〈R(ϕ)τ(ϕ) −R(ϕ+ π)τ(ϕ + π), α(ϕ) − α(ϕ + π)〉 =
= 2 〈(R(ϕ) +R(ϕ+ π))τ(ϕ), α(ϕ) − α(ϕ + π)〉
So
dl
dϕ
(ϕ0) = 0⇐⇒ 〈α(ϕ0)− α(ϕ0 + π), τ(ϕ0)〉 = 0
♦
Let L0 = l(ϕ0), R0 = R(ϕ0) and Rπ = R(ϕ0 + π).
Proposition 2.3 Let ϕ0 be a diameter. If L0 − (R0 +Rπ) 6= 0 then ϕ0 is an isolated diameter.
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Proof:
d
dϕ
(
2l
dl
dϕ
)
= 2
(
dl
dϕ
)2
+ 2l
d2l
dϕ2
=
= 2 (〈(R′(ϕ) +R′(ϕ+ π))τ(ϕ) + (R(ϕ) +R(ϕ+ π))η(ϕ), α(ϕ) − α(ϕ+ π)〉 +
+〈(R(ϕ) +R(ϕ+ π))τ(ϕ), (R(ϕ) +R(ϕ+ π))τ(ϕ)〉)
At the diameter ϕ0:
2l(ϕ0)
d2l
dϕ2
(ϕ0) = 2(−L0(R0 +Rπ) + (R0 +Rπ)2) = −2(R0 +Rπ)(L0 − (R0 +Rπ)).
and we have that if L0 − (R0 +Rπ) 6= 0 then ϕ0 is an isolated singular point of l. ♦
3 Dynamical Characterization of the Diameters of a Convex Curve
Let α be a Ck curve, k ≥ 2, and T its associated billiard map.
If ϕ0 is a diameter for α then (ϕ0, 0) is a 2-periodic orbit for T , and, as we have pointed out, any billiard on a
strictly convex curve has at least two of those orbits. Its stability is given by the eigenvalues of:
DT 2(ϕ0,0) =
1
R0Rπ
(
L0 −Rπ L0
L0 − (R0 +Rπ) L0 −R0
)(
L0 −R0 L0
L0 − (R0 +Rπ) L0 −Rπ
)
it follows that:
1. (ϕ0, 0) is hyperbolic if
• L0 − (R0 +Rπ) > 0 or
• L0 − (R0 +Rπ) < 0 and (L0 −R0)(L0 −Rπ) < 0.
2. (ϕ0, 0) is elliptic if L0 − (R0 +Rπ) < 0 and (L0 −R0)(L0 −Rπ) > 0.
3. (ϕ0, 0) is parabolic if
• L0 − (R0 +Rπ) = 0 or
• L0 − (R0 +Rπ) < 0 and (L0 −R0)(L0 −Rπ) = 0.
We will say that a diameter is hyperbolic, elliptic or parabolic if the associated 2-periodic orbit is, respectively,
hyperbolic, elliptic or parabolic.
A nice consequence [4] of this characterization is that, for k ≥ 3, the largest diameter of a strictly convex curve,
if isolated, is hyperbolic, due to the fact that
d2l
dϕ2
(ϕ0) = − (R0 +Rπ)(L0 − (R0 +Rπ))
L0
< 0.
The smallest one, however, can be elliptic or hyperbolic. If R0 = Rπ (which happens, for instance, for the
ellipse), it is elliptic. Nevertheless, as we show in the last section, there are strictly convex curves such that all
the diameters are hyperbolic.
When ϕ0 is elliptic, the eigenvalues of DT
2
(ϕ0,0)
are given by e±iγ =
tr(DT 2)
2
± i
√
1− ( tr(DT
2)
2
)2 and so
cos γ = 2
(L0 −R0)(L0 −Rπ)
R0Rπ
− 1 . (1)
3
βα
h( )ϕ
ϕ
Figure 1: Definition of h(ϕ)
4 Normal Perturbations of a Convex Curve
Let α Ck, with k ≥ 4, when parametrized by ϕ ∈ [0, 2π], the angle between the tangent vector and x. Using
this direction and its perpendicular as a reference frame, the unitary tangent and (inward) normal vectors are
written, respectively, as τ(ϕ) = (cosϕ, sinϕ) and η(ϕ) = (− sinϕ, cosϕ). So, the normal bundle (α(ϕ), η(ϕ)) is
also Ck and η(ϕ) is C∞.
A normal perturbation of α is a curve β given by β(ϕ) = α(ϕ)+λ(ϕ)η(ϕ), where λ is a Ck, 2π-periodic function.
Observe that in general ϕ does not represent the angle between the tangent vector of β and the fixed direction
x.
We will use the norm |λ|2 = max
ϕ∈[0,2π]
{|λ(ϕ)|, |λ′(ϕ)|, |λ′′(ϕ)|}.
Proposition 4.1 If |λ|2 is small enough then β is Ck, closed, regular and strictly convex.
Proof: : β is closed because λ is 2π-periodic. α is Ck, λ is Ck and η is C∞. So, β is Ck. β′ = α′ + λ′η − λτ .
So, if α is regular, for ǫ small enough, β is regular. β′′× β′ = (α′′ ×α′) +λ′(α′′ × η)−λ(α′′ × τ) + (λ′′ −λ)(η×
α′) + (λ(λ′′ − λ) + 2λ′)(τ × η). So, if α is strictly convex, for ǫ small enough, β is strictly convex. ♦
Let us call ~t(ϕ) and ~n(ϕ) the unitary tangent and (inward) normal vectors and Rα(ϕ) and Rβ(ϕ) the radius of
curvature of α and β at ϕ, respectively. Then:
~t =
(Rα − λ)τ + λ′η
((Rα − λ)2 + (λ′)2)1/2
~n =
−λ′τ + (Rα − λ)η
((Rα − λ)2 + (λ′)2)1/2
Rβ =
((Rα − λ)2 + (λ′)2)3/2
(Rα − λ)(Rα − λ+ λ′′)− λ′(R′α − 2λ′)
(2)
Let h(ϕ) be the angle between ~t(ϕ) and the given direction that defines ϕ, as in fig. 1. It is easy to see that
h(ϕ) = ϕ+ arctan
λ′
Rα − λ.
According to proposition 2.2, the diameters of β are such that the derivative of
lβ(ϕ) = |β(ϕ)− β(h−1(h(ϕ) + π))|
4
vanishes.
Lemma 4.2 If |λ|2 is sufficiently small then h is a C2-diffeomorphism.
Proof: : As α is closed, 0 < c1 ≤ Rα. Then, for |λ|2 sufficiently small, Rα− λ > 0 and h is well defined. α and
β being at least C4 then λ is at least C4, and so h is at least C3.
Let s be the arclength parameter for β. Then
dh
dϕ
=
dh
ds
ds
dϕ
= kβ |dβ
dϕ
| ≥ c2 > 0.
Then h is C1 and invertible, and h−1 has continuous derivative.
d2h
dϕ2
=
dkβ
ds
|dβ
dϕ
|2 + kβ
< d
2β
dϕ2 ,
dβ
dϕ >
| dβdϕ |
so h is C2. Taking y = h(ϕ) we have
d2h−1
dy2
(y) = −
d2h
dϕ2 (ϕ)
( dhdϕ(ϕ))
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which shows that h is a C2-diffeomorphism. ♦
Lemma 4.3 With the same hypothesis of lemma 4.2, f(ϕ) = h−1(h(ϕ) + π) and Iπ(ϕ) = ϕ+ π are C
2 close.
Proof: : Let |λ|2 < ǫ and 1c1 < |Rα − λ| < c2, then |h(ϕ)− ϕ| = | arctan λ
′
Rα−λ
| ≤ | λ′Rα−λ | < c1ǫ
Let c3 = max|dh−1dy |.
|f(ϕ)− Iπ(ϕ)| = |h−1(h(ϕ) + π)− h−1(h(ϕ+ π))| ≤ c3|h(ϕ) + π − h(ϕ+ π)| =
= c3|h(ϕ)− ϕ+ ϕ+ π − h(ϕ+ π)| ≤ c3(|h(ϕ)− ϕ|+ |ϕ+ π − h(ϕ+ π)|) < 2c1c3ǫ
Let 0 < 1c4 < |R′α − λ′| < c5 and ∆(ϕ) = arctan λ
′
Rα−λ
. Now, dhdϕ = 1 +
d∆
dϕ and
|d∆
dϕ
| ≤ | d
dϕ
λ′
Rα − λ | = |
λ′′(Rα − λ)− λ′(R′α − λ′)
(Rα − λ)2 | < c
2
1c2c5ǫ (3)
Taking y = h(ϕ),
∣∣∣∣ dfdϕ − 1
∣∣∣∣ =
∣∣∣∣dh−1dy (h(ϕ) + π)dhdϕ (ϕ)− 1
∣∣∣∣ =
∣∣∣∣∣
1 + d∆dϕ (ϕ)
1 + d∆dϕ (h
−1(h(ϕ) + π))
− 1
∣∣∣∣∣ =
=
∣∣∣∣∣
1 + d∆dϕ (ϕ) +
d∆
dϕ (h
−1(h(ϕ) + π))− d∆dϕ (h−1(h(ϕ) + π))
1 + d∆dϕ (h
−1(h(ϕ) + π))
− 1
∣∣∣∣∣ =
=
∣∣∣∣∣
d∆
dϕ (ϕ)− d∆dϕ (h−1(h(ϕ) + π))
1 + d∆dϕ (h
−1(h(ϕ) + π))
∣∣∣∣∣ ≤
≤
∣∣∣∣dh−1dϕ (h(ϕ) + π))
∣∣∣∣
∣∣∣∣d∆dϕ (ϕ)
∣∣∣∣+
∣∣∣∣d∆dϕ (h−1(h(ϕ) + π))
∣∣∣∣ < 2c3c21c2c5ǫ
5
Finally,
|d
2f
dϕ2
(ϕ)− 0| = | d
dϕ
(
dh−1
dy
(h(ϕ) + π)
dh
dϕ
(ϕ))| ≤
|d
2h−1
dy2
(h(ϕ) + π)|| dh
dϕ
|2 + |dh
−1
dy
(h(ϕ) + π)|| d
2h
dϕ2
(ϕ))|
| dhdϕ | and |dh
−1
dy (h(ϕ) + π)| are bounded from above and bellow because h is a C2 diffeomorphism on [0, 2π].
| d2hdϕ2 (ϕ))| = |d
2∆
dϕ2 (ϕ))| ≤
|λ′′′(Rα−λ)−λ′(R′′α−λ′′)(Rα−λ)2+(λ′)2 |+ 2|
(λ′′(Rα−λ)−λ
′(R′α−λ
′))(R′α−λ
′)
(Rα−λ)((Rα−λ)2+(λ′)2)
|+ 2| λ′Rα−λ ||d∆dϕ (ϕ)|
For ǫ small enough, 0 < 1c1 < |Rα − λ| < c2, |R′α − λ′| < c5, |R′′α − λ′′| < c6 and (Rα − λ)2 + (λ′)2 = |β′(ϕ)|2 ≥
c7 > 0, since β is regular. Together with equation 3, we have that | d2hdϕ2 (ϕ))| < Kǫ, for a constant K.
|d
2h−1
dy2
(h(ϕ) + π)| = |
d2h
dϕ2 (h
−1(h(ϕ) + π))
( dhdϕ(h
−1(h(ϕ) + π)))3
| < Kǫ (4)
for a constant K. So, | d2fdϕ2 (ϕ)| < Cǫ. ♦
Lemma 4.4 Let lα(ϕ) = |α(ϕ)−α(ϕ+π)| and lβ(ϕ) = |β(ϕ)−β(h−1(h(ϕ)+π))|. If |λ|2 is small enough then
lα and lβ are C
2 close.
Proof: : If |λ|2 is sufficiently small then α and β are C2 close. So α ◦ Iπ and β ◦ f are C2 close and the result
follows. ♦
Proposition 4.5 Suppose that α has an isolated diameter at ϕ0, with
dlα
dϕ (ϕ0) = 0 and
d2lα
dϕ2 (ϕ0) > 0 (or < 0).
Let δ be such that d
2lα
dϕ2 (ϕ) > 0 (or < 0) for ϕ ∈ [ϕ0 − δ, ϕ0 + δ]. Then there exists ǫ0 such that if |λ|2 < ǫ0
then any normal perturbation β(ϕ) = α(ϕ) + λ(ϕ)η(ϕ) has an isolated diameter ϕ1 ∈ (ϕ0 − δ, ϕ0 + δ), with
d2lβ
dϕ2 (ϕ1) > 0 (or < 0). Furthermore, ǫ0 → 0 if δ → 0.
Proof: : The proof follows immediately from the results above and from the transversality of the zero of dlαdϕ .
♦
Observe that rotating the axis, if necessary, we can always suppose that the diameter of α is at ϕ = 0.
Let, as above, L0 = lα(0), R0 = Rα(0), and Rπ = Rα(π). An obvious consequence is:
Corollary 4.6 If 0 is a hyperbolic diameter of α, with L0 − (R0 + Rπ) > 0 (meaning that d
2lα
dϕ2 (0) < 0) then
every normal perturbation β with |λ|2 < ǫ0 has a hyperbolic diameter close to 0.
Proposition 4.7 Let ǫ0 and δ be as in Proposition 4.5 and suppose 0 is an elliptic (resp. hyperbolic) diameter
for α, i.e. L0−(R0+Rπ) < 0 and (L0−R0)(L0−Rπ) > 0 (resp. (L0−R0)(L0−Rπ) < 0). There exists ǫ1 ≤ ǫ0
such that if |λ|2 < ǫ1 then any normal perturbation β(ϕ) = α(ϕ) + λ(ϕ)η(ϕ) has an elliptic (resp. hyperbolic)
diameter at ϕ1 ∈ (ϕ0 − δ, ϕ0 + δ).
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Proof: If |λ|2 < ǫ0 then, by Proposition 4.5, β has an isolated diameter at ϕ1 ∈ (ϕ0 − δ, ϕ0 + δ) with lβ(ϕ1)−
(Rβ(ϕ1) + Rβ(h
−1(h(ϕ1) + π)) < 0. Since α and β are C
2-close, Rα and Rβ are C
0-close. This, together
with lemma 4.3 and (L0 − R0)(L0 − Rπ) > 0, gives that there exists ǫ1 ≤ ǫ0 such that if |λ|2 < ǫ1 then
(lβ(ϕ1)−Rβ(ϕ1))(lβ(ϕ1)−Rβ(h−1(h(ϕ1) + π))) > 0. ♦
The hyperbolic case (L0 −R0)(L0 −Rπ) < 0 is analogous.
Remark: Propositions 4.5 and 4.7 and corollary 4.6 only express, in the context of billiard maps, the well
known fact of openness of existence of elliptic or hyperbolic fixed points.
5 Resonances
We will assume that the curve α has an elliptic diameter with eigenvalues e±iγ . Without any loss of generality
we can assume that this diameter is located at ϕ = 0.
Definition 5.1 An elliptic diameter is resonant if its eigenvalues satisfy (e±iγ)j = 1, for j = 2, 3, 4, i.e., if
γ = 12π,
2
3π,
4
3π,
3
2π. Otherwise, it is non-resonant.
Proposition 5.2 Given a Ck strictly convex curve α, k ≥ 4, with a resonant elliptic diameter ϕ = 0, there is
a Ck strictly convex curve β, C2-close to α, such that β has a non-resonant elliptic diameter.
Proof: For ǫ1 as in Proposition 4.7 consider the normal perturbations β(ϕ) = α(ϕ) + λ(ϕ)η(ϕ), with |λ|2 < ǫ1
and λ′(0) = λ′(π) = 0, which implies that ϕ = 0 is also an elliptic diameter for β.
Let λ(0) = λ0, λ(π) = λπ , λ
′′(0) = λ′′0 , λ
′′(π) = λ′′π . We have that l0 = lβ(0) = |β(0) − β(π)| = L0 − λ0 − λπ
and, by equation (2),
r0 = Rβ(0) =
(R0 − λ0)2
R0 − λ0 + λ′′0
= R0 − λ0 − λ′′0
R0 − λ0
R0 − λ0 + λ′′0
and
rπ = Rβ(π) =
(Rπ − λπ)2
Rπ − λπ + λ′′π
= Rπ − λπ − λ′′π
Rπ − λπ
Rπ − λπ + λ′′π
So, for |λ|2 small enough, these normal perturbations have an elliptic diameter with eigenvalues e±iγ(β) satisfy-
ing, by equation (1)
cos γ(β) = 2
(l0 − r0)(l0 − rπ)
r0rπ
− 1 =
= 2
(L0 −R0 − λπ + λ′′0∆0)(L0 −Rπ − λ0 + λ′′π∆π)
(R0 − λ0 − λ′′0∆0)(Rπ − λπ − λ′′π∆π)
− 1 =
= F (λ0, λπ, λ
′
0, λ
′
π)
where
∆a =
Ra − λa
Ra − λa + λ′′a
.
Clearly F (0, 0, 0, 0) = 2 (L0−R0)(L0−Rpi)R0Rpi − 1 gives the eigenvalues of the elliptic diameter of α.
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Moreover
∂F
∂λ0
(0, 0, 0, 0) = 2
(L0 −R0)(L0 −R0 −Rπ)
R20Rπ
6= 0
∂F
∂λπ
(0, 0, 0, 0) = 2
(L0 −Rπ)(L0 −R0 −Rπ)
R2πR0
6= 0
∂F
∂λ′′0
(0, 0, 0, 0) = 2
(L0 −Rπ)L0
R20Rπ
6= 0
∂F
∂λ′′π
(0, 0, 0, 0) = 2
(L0 −R0)L0
R2πR0
6= 0
which shows that F is a non constant rational function and the resonance conditions of definition 5.1 are fulfilled
only on a union of codimension 1 submanifolds. Hence it is enough to choose a normal perturbation with λ
small, λ′(0) = λ′(π) = 0 and outside this set to obtain a curve β, close to α, with a non-resonant elliptic
diameter. ♦
Proposition 5.3 If 0 is a non-resonant elliptic diameter for a strictly convex Ck curve α, k ≥ 3, then there
exists ǫ2 such that every normal perturbation β, with |λ|2 < ǫ2, has a non-resonant elliptic diameter.
Proof: : As 0 is a non-resonant elliptic diameter for α then
cos γ(α) = 2
(lα(0)−Rα(0) (lα(0)−Rα(π))
Rα(0)Rα(π)
− 1 =
= 2
(L0 −R0)(L0 −Rπ)
R0Rπ
− 1 6= 0, 1,−1, cos 2
3
π, cos
4
3
π
For ǫ1 as in Proposition 4.7, let β(ϕ) = α(ϕ) + λ(ϕ)η(ϕ), with |λ|2 < ǫ1. Then β has an elliptic diameter at
ϕ1 ∈ (−δ, δ) with eigenvalues determined by
cos γ(β) = 2
(lβ(ϕ1)−Rβ(ϕ1))(lβ(ϕ1)−Rβ(h−1(h(ϕ1) + π))
Rβ(ϕ1)Rβ(h−1(h(ϕ1) + π))
− 1.
Since α and β are Ck, k ≥ 3, then Rα and Rβ are C1 close. This, together with lemmas 4.3 and 4.4, gives the
desired result. ♦
6 Elliptic Islands
In order to seek after islands, let us change coordinates from (ϕ, θ) to (s, p), where s is the arclenght parameter
for the curve α and p = sin θ. The advantage of those new coordinates is that the billiard map T preserves the
area ds ∧ dp.
Let us now suppose that, for k ≥ 5, the Ck curve α has a non resonant elliptic diameter at s = 0, so that (0, 0)
is a non resonant elliptic fixed point of T 2.
By means of a linear area preserving coordinate change, and complexification, T 2(s, p) can be brought into
the form eiγz + g(z, z) where z, z are complex and g vanishes with its first derivative at z = 0. This map
has then the Birkhoff Normal Form ei(γ+τ1(α)|ζ|
2)ζ + h(ζ, ζ), where h(ζ, ζ) = O(|ζ|4). Moreover, if the first
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Birkhoff coefficient τ1(α) 6= 0 then, by Moser’s Twist Theorem [6], ζ = 0 is a stable fixed point, i.e., (0, 0) has
T 2-invariant curves surrounding it which means that there is an elliptic island of positive measure.
Hence, by assuming τ1(α) = 0, the goal is show that small C
2-normal perturbations of α may have non-zero
Birkhoff coefficients.
As Moeckel showed in [5], τ1 can be calculated using complex area preserving coordinates diagonalizing the
linear part of the map, such that the third jet of T 2 takes the form:
Z = eiγ(z + c20z
2 + c11zz + c02z
2 + c30z
3 + c21z
2z + c12zz
2 + c03z
3)
then the Birkhoff coefficient is given by
τ1 =
1
i
(
c21 + 2|c20|2
(
2eiγ + 1
eiγ − 1 +
1
e3iγ − 1
))
.
The first step is, then, to determine the third jet of T 2 at (0, 0). Although we are not able to write T explicitly,
we have that (see, for instance, [7]):
∂s1
∂s0
=
l(s0, p0)−R(s0) cos θ(p0)
R(s0) cos θ(p1)
∂s1
∂p0
=
l(s0, p0)
cos θ(p0) cos θ(p1)
∂p1
∂s0
=
l(s0, p0)−R(s0) cos θ(p0)−R(s1) cos θ(p1)
R(s0)R(s1)
∂p1
∂p0
=
l(s0, p0)−R(s1) cos θ(p1)
R(s1) cos θ(p0)
where (s1, p1) = T (s0, p0).
Using the Chain Rule and with the aid of the software Maple 1, we have calculated the coefficients of the
third-jet J3 T
2
(0,0)(s0, p0) and obtained the above coefficients cij . They depend on L0, R0 = R(0), Rπ = R(s1),
dR
ds (0),
dR
ds (s1),
d2R
ds2 (0),
d2R
ds2 (s1), where (s1, 0) = T (0, 0). Moreover, c21 depends linearly on
d2R
ds2 (0) and
d2R
ds2 (s1)
and c20 does not depend on those second derivatives.
Using these calculations we can prove:
Proposition 6.1 Let α be a Ck strictly convex curve, k ≥ 5, with a non-resonant elliptic diameter at s = 0, and
such that τ1(α) = 0. Then there is a C
k strictly convex curve β, C2-close to α, such that β has a non-resonant
elliptic diameter, with τ1(β) 6= 0.
Proof: : Let β(ϕ) = α(ϕ) + λ(ϕ)η(ϕ) be a normal perturbation of α, with a third order contact with α at
ϕ(0) = 0 and ϕ(s1) = π. This means that λ(0) = λ(π) = λ
′(0) = λ′(π) = λ′′(0) = λ′′(π) = λ′′′(0) = λ′′′(π) = 0
and then, β has a non-resonant elliptic diameter at ϕ = 0
Let σ be the arclenght parameter for β and (σ1, 0) = T
2
β (0, 0). The third order contact implies that the elliptic
diameters coincide, with the same length L0 and
Rβ(0) = Rα(0) = R0, Rβ(σ1) = Rα(s1) = Rπ,
1the program may be found at www.mat.ufmg.br/∼syok
9
dRβ
dσ
(0) =
dRα
ds
(0),
dRβ
dσ
(σ1) =
dRα
ds
(s1),
dR2β
dσ2
(0) =
dR2α
ds2
(0)− d
4λ
dϕ4
(0),
dR2β
dσ2
(σ1) =
dR2α
ds2
(s1)− d
4λ
dϕ4
(π).
Then γ(β) = γ(α), c20(β) = c20(α) and
c21(β) = − i
16
[
L0(L0 −Rπ)
(L0 −R0)(L0 −R0 −Rπ)
]
d4λ
dϕ4
(0) + ib(L0, R0, Rπ)
d4λ
dϕ4
(π) + c21(α),
where b is a Ck−4 function.
Hence
τ1(β) = − 1
16
[
L0(L0 −Rπ)
(L0 −R0)(L0 −R0 −Rπ)
]
d4λ
dϕ4
(0) + b(L0, R0, Rπ)
d4λ
dϕ4
(π) + τ1(α).
As σ = 0 is a non-resonant elliptic diameter for α and β, then L0 6= 0, L0 − R0 6= 0, L0 − Rπ 6= 0 and
L0 − R0 − Rπ 6= 0. Therefore, by choosing d4λdϕ4 (0) 6= 0 and d
4λ
dϕ4 (π) = 0 we obtain a perturbation λ such that
τ1(β) 6= 0.
7 Density of Elliptic Islands
Let α be a closed, regular, strictly convex plane curve and Tα its associated billiard map. Planar rigid motions
do not change the geometrical features of α and then do not change the dynamical characteristics of Tα. This
defines an equivalence relation on the set of curves.
Let C be the set of equivalent classes, denoted by [α], of closed, regular, strictly convex plane curves α, that are
C5 when parametrized by the angle ϕ.
Given a representative α of an equivalent class [α] ∈ C, the normal bundle (α(ϕ), η(ϕ)) is then C5. Given ǫ > 0,
let us consider a tubular neighbourhood Nǫ(α) = {α(ϕ) + λη(ϕ), 0 ≤ ϕ < 2π,−ǫ < λ < ǫ} ≃ S1 × (−ǫ, ǫ) and
the canonical projection Π : S1 × (−ǫ, ǫ)→ S1 that projects Nǫ(α) onto the image of α.
Definition 7.1 [β] ∈ C is ǫ-close to [α] ∈ C if:
1. there exists β ∈ [β] such that the image of β is in Nǫ(α), for α ∈ [α].
2. the restriction of Π to the image of β is a diffeomorphism.
As a consequence, β can be written as β(ϕ) = α(ϕ) + λ(ϕ)η(ϕ), with λ periodic.
Definition 7.2 [β] ∈ C is ǫ-C2-close to [α] ∈ C if [β] is ǫ-close to [α] and |λ|2 < ǫ.
In this context, Propositions 4.7 and 5.3 can be rewritten as:
Proposition 7.3 Let E ⊂ C be the subset of equivalent classes of curves with an elliptic diameter. Then E is
open in C.
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Proposition 7.4 Let R ⊂ E be the subset of equivalent classes of curves with a non resonant diameter. Then
R is open in C.
Propositions 5.2 and 6.1 leads to:
Theorem 1 Any curve on an equivalent class of E can be approximated by curves such that the associated
billiard map has an elliptic island of positive measure.
Proof: : Let α be a representative of [α] ∈ E . So, α has an elliptic diameter at, we can suppose, ϕ = 0. There
are three possible cases:
1. 0 is a non resonant diameter with τ1(α) 6= 0.
2. 0 is a non resonant diameter with τ1(α) = 0.
3. 0 is a resonant diameter.
In the first case, there is nothing to prove.
If 0 is a non resonant diameter with τ1(α) = 0 then, by Proposition 6.1, α can be approximated by a sequence
βn such that for each n, βn has a non resonant diameter with τ1(βn) 6= 0.
If 0 is a resonant diameter, by Proposition 5.2, α can be approximated by a sequence βn such that for each n,
βn has a non resonant diameter. The same reasoning used on the second case leads to the result. ♦
8 Conclusions and Comments
Although we can prove the density of elliptic islands surrounding orbits associated to diameters, many questions
remain open.
The existence of islands is not equivalent to a non-vanishing first Birkhoff coefficient. For instance, any Birkhoff
coefficient different from zero assures, for a sufficiently differentiable curve and avoiding higher order resonances,
the existence of such islands. However one may ask if there is a strictly convex C∞ curve with an elliptic diameter
such that all the Birkhoff coefficients vanishes. If so, how this fact translates into the dynamics of the associated
billiard map?
It may also happen that all the isolated diameters of a given curve are hyperbolic or parabolic. This is the
case, for instance, of an ellipse with half-axes 1 and
√
2, which has only two diameters: the largest axis, which
is hyperbolic, and the smallest one, which is parabolic. However, due to the integrability of the system, the
parabolic orbit has an island. Kozlov, in [4] constructs a strictly convex curve, as differentiable as desired, that
has exactly three diameters, all of them hyperbolic.
Even when all the diameters are hyperbolic, the examples suggest that a higher period trajectory is elliptic, if
the curve is strictly convex. This is the case for the billiard associated to x(t) = cos t, y(t) = 3/(2 − sin t). It
has exactly two diameters, both hyperbolic. The numerical investigation of the phase-space of its associated
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Figure 2: The curve x(t) = cos t, y(t) = 3/(2 − sin t) with a period 3 trajectory and the phase space of the
associated billiard map.
billiard map shows the existence of a pair of 3-periodic orbits, corresponding to a same triangular trajectory
followed in both senses, and its islands (see figure 2). One may wonder if there is always an elliptic periodic
orbit for any sufficiently differentiable and strictly convex curve.
If there are elliptic periodic orbits, can they have any period? In the example above only elliptic orbits of period
3 or multiples of 3, belonging to the same island, are visible.
Anyway, if there are elliptic orbits of higher period and they are non-resonant, we believe that our method of
normal perturbations with a third order contact at the points of reflection of the periodic trajectory with the
boundary will give the results we obtained for the 2-periodic orbit.
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